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ABSTRACT 

This  report p resen t s  a nonl inear  system of a t t i t u d e  c o n t r o l  which 
employs t h e  r e a c t i o n  torques of  acce le ra t ed  flywheels as a r e s t o r i n g  agent. 
The system c o n s i s t s  of  t h r e e  c y l i n d r i c a l  flywheels, one i n  each o f  t h r e e  
mutual ly  perpendicular  axes. Each flywheel i s  powered by a s e p a r a t e  
motor; however, t h e  con t ro l  methods developed he re  a r e  equal ly  app l i cab le  
t o  a sphe r i ca l  flywheel dr iven  by a system o f  t h r e e  torquers .  To f a c i l -  
i t a te  t h e  inves t iga t ion ,  a s i n g l e  axis i s  examined, neg lec t ing  i n t e r a x i s  
coupling. 

I n  both methods, t h e  motor begins compensation when a c e r t a i n  at- 
t i t u d e  deadband i s  exceeded. I n  t h e  first method, t h e  motor "on-time" 
needed t o  compensate a d i s t u r b i n g  impulse i s  determined by t h e  angular  
v e l o c i t y  o f  t h e  v e h i c l e  which ex is ted  a t  t h e  t i m e  o f  motor ac t iva t ion .  
I n  t h e  second method, t h e  motor "on-time" i s  determined by employing 
ins tan taneous  a t t i t u d e  and v e l o c i t y  information. 

Theore t i ca l  and analog r e s u l t s  are presented f o r  comparison. The 
r e s u l t s  are i n  t h e  form of  phase plane p lo t s ,  and comparison of t h e  
t h e o r e t i c a l  wi th  t h e  analog p l o t s  shows complete agreement. 

Although both con t ro l  methods a r e  f e a s i b l e ,  t h e  second has  decided 
advantages over  t h e  f i r s t  i n  t h a t  it uses  less power, r e q u i r e s  less 
switching, and provides a g r e a t e r  range i n  which c e r t a i n  parameters can 
vary. 
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DEFINITIONS O F  SYMBOLS 

Symbol Def in i t i on  

0 Angular displacement o f  v e h i c l e  

@ S  Angular v e l o c i t y  a t  t h e  t i m e  t h e  motor 
switches o f f  

@ 

@i 

Angular v e l o c i t y  of  t h e  v e h i c l e  

Angular v e l o c i t y  a t  t he  t i m e  t h e  motor 
switches on 

i S  Angular v e l o c i t y  a t  t h e  t i m e  t h e  motor 
switches o f f  

@ l i m  Angular v e l o c i t y  a t  t h e  t i m e  o f  switch- 
on while  t h e  system i s  i n  t h e  l i m i t  cyc l e  

;d Angular a c c e l e r a t i o n  of  t h e  v e h i c l e  

.. 
Constant a c c e l e r a t i o n  provided by t h e  motor @nl 

*. a Angular a c c e l e r a t i o n  o f  t h e  flywheel 

U 

I V  

.. 
P a r t  o f  @m which i s  consumed by l o s s e s  

Moment of  i n e r t i a  o f  t h e  v e h i c l e  

I f  Moment o f  i n e r t i a  o f  t h e  flywheel 

Constant i n t e r v a l  o f  t i m e  t C  

ton Length o f  t i m e  t h e  motor o p e r a t e s  

K 1  Constant c o e f i c i e n t  o f  v e l o c i t y  i n  
on-time equation 

K 2  Constant c o e f f i c i e n t  o f  displacement i n  
switch-off  equation 

Unit 

r a d i a n s  

r a d i a n s  

r ad / sec  

r ad / sec  

r ad / sec  

r ad / sec  

r ad /  s ec2 

rad /  sec2 

rad/sec2 

percent  

m-kg-sec2 

m-kg-sec2 

seconds 

seconds 

s econds2 

r ad /  sec2 
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INTRODUCTION 

Presented here  a r e  two methods o f  con t ro l  which employ t h e  r e a c t i o n  
torque  of  an acce le ra t ed  flywheel a s  a r e s t o r i n g  agent. Three c y l i n d r i -  
c a l  f lywheels  may be employed, one i n  each o f  t h r e e  mutual ly  perpendicular  
axes, o r  one s p h e r i c a l  flywheel with t h r e e  mutual ly  perpendicular  torquers .  
The con t ro l  methods developed here  a r e  f o r  c y l i n d r i c a l  f lywheels,  each 
dr iven  by i t s  own motor; however, t h e  e n t i r e  r e p o r t  i s  equa l ly  app l i cab le  
t o  a system o f  th ree  to rque r s  and a s p h e r i c a l  flywheel. 

EQUATIONS OF TORQUE 
The v e h i c l e  and i t s  flywheels compose a system i n  which t h e  sum o f  

t h e  torques  about t h e  cen te r  of  mass must equal  zero t o  maintain a spec- 
i f i e d  a t t i t u d e .  The inves t iga t ion  i s  s impl i f i ed  by cons ider ing  only  one 
a x i s  which would (neglec t ing  i n t e r a x i s  coupling),  be t y p i c a l  of  e i t h e r  o f  
t h e  t h r e e  mutual ly  perpendicular  axes i n  t h e  vehic le .  By assuming no 
e x t e r n a l  torques,  torque i n  one axis  may be expressed as t h e  product o f  
t h e  moment of  i n e r t i a  and angular acce lera t ion .  
t h e  torques  i s  

The expression r e l a t i n g  

.. 
I,@ - If'&= 0 

where Iv and If a r e  t h e  moments of i n e r t i a  o f  t h e  v e h i c l e  and t h e  f l y -  
wheel r e spec t ive ly ,  and where 
v e h i c l e  and flywheel respec t ive ly .  I f  t h e  i n i t i a l  condi t ions  are con- 
s ide red  zero, t h e  displacements,  v e l o c i t i e s ,  and a c c e l e r a t i o n s  o f  t h e  
v e h i c l e  d i f f e r  only by t h e  s c a l e  f ac to r ,  3, from t h e  displacements,  

v e l o c i t i e s ,  and a c c e l e r a t i o n s  o f  t he  flywheel. 

and 'cj, a r e  t h e  angular  a c c e l e r a t i o n  of  t h e  

1, 
Spec i f i ca l ly :  

I f  

I, 
a @ = -  

.. If .- 
I V  

a I$ = -  
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Figure 1 shows t h e  bas i c  layout  o f  one a x i s  o f  t h e  flywheel system 
which cons i s t s  of  a flywheel, a motor t o  d r i v e  t h e  wheel, a c o n t r o l  com- 
puter ,  an a t t i t u d e  sensor,  and a power supply. The computer con ta ins  
g a t e  c i r c u i t r y  and an on-off type power a m p l i f i e r  t o  o p e r a t e  t h e  motor. 
The on-off ope ra t ion  o f  t h e  system r e q u i r e s  a deadband w i t h i n  which t h e  
a t t i t u d e  of t h e  v e h i c l e  i s  allowed t o  d r i f t .  

Figure 2 shows t h e  motor c h a r a c t e r i s t i c s .  The speed ve r sus  torque 
p lo t  shcws t h a t  t h e  motor torque i s  l imi t ed ,  which reduces t h e  maximum 
power capaci ty  requirement o f  t h e  motor ampl i f i e r ,  because t h e  s t a r t i n g  
peak of  the motor c u r r e n t  i s  eliminated. 
shows t h a t  due t o  t h e  torque l imi t ing ,  t h e  motor a c t s  l i k e  an i n t e g r a t o r  
up t o  85 percent o f  maximun speed. The e f f e c t s  o f  o t h e r  motor cha rac t e r -  
i s t i c s  on con t ro l  w i l l  be discussed later. 

The speed ve r sus  t i m e  p l o t  

Any r o t a t i o n  o f  t h e  flywheel i s  opposed by f r i c t i o n .  Viscous f r i c -  
t i o n  i s  considered t o  be s u f f i c i e n t l y  s m a l l  t o  be neglected.  The cou- 
lomb f r i c t i o n  i r o n  l o s s e s ,  e tc . ,  which e x i s t ,  can be expressed as a con- 
s t a n t  torque opposing t h e  r o t a t i o n  of  t h e  flywheel. The a c c e l e r a t i o n  
due t o  lo s ses  i s  w r i t t e n  as a p a r t  o f  t h e  motor a c c e l e r a t i o n ,  aVm. 

Physical ly  t h e r e  are t h r e e  poss ib l e  combinations o f  acce le ra t ion :  

1. (1-o)Tm With vo l t age  on and motor speed inc reas ing  
2. (I+a)Tm With vo l t age  on and motor speed decreasing 
3. am., With vo l t age  o f f  and motor speed decreasing 

Two con t ro l  methods are  discussed. They a r e  similar i n  t h a t  both 
s t a r t  t h e  motor when t h e  deadband i s  exceeded. They d i f f e r  i n  t h a t  t h e  
f i r s t  method determines t h e  motor on-time by employing the  v e l o c i t y  with 
which t h e  deadband i s  exceeded, while  t h e  second method switches o f f  t h e  
motor by comparing instantaneous a t t i t u d e  and v e l o c i t y  information. 

METHOD I 

I n  Method I, t h e  motor on-time varies thus:  

ton = K l l i i  1 + tc 

This equation evolved i n  t h e  following manner: 

I t  was f i r s t  chosen t h a t  

where a i  i s  t h e  v e l o c i t y  a t  t h e  t i m e  o f  switch-on. 

1.0 

1.1 
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The equat ion desc r ib ing  t h e  change i n  v e h i c l e  v e l o c i t y  f o r  t h e  motor 
on-time i s  

1.2 

where 6, is t h e  v e l o c i t y  a t  switch-offy and $m i s  t h e  magnitude o f  t h e  
cons t an t  a c c e l e r a t i o n  of t h e  motor. 

Combining Equations 1.1 and 1.2 r e s u l t s  i n  

1.3 

The system i s  s t a b l e  when 6, i s  of oppos i te  s i g n  and i s  l e s s  i n  magnitude 
than ii: 

or:  
6s  

@i 
1 > T > O  

Therefore:  
1 .m > K 1 >  (l-CWm 1.4 

Unt i l  now, t h e  e f f e c t s  of losses  dur ing  motor o f f - t ime  have been 
neglected.  I f  K1 i s  chosen t o  s a t i s f y  

1.5 
(see Appendix) 

(which accounts f o r  l o s s e s  dur ingmotor  of f - t ime) ,  t h e  on-time i s  su f -  
f i c i e n t  t o  arrest t h e  d i s t u r b i n g  v e l o c i t y  and d r i v e  the  v e h i c l e  a t t i t u d e  
back i n t o  t h e  deadband, as shown by t h e  s o l i d  curve i n  t h e  phase plane 
p l o t  o f  Figure 3. Point  A shows t h e  v e l o c i t y  r e s u l t i n g  from a d i s t u r b -  
ance. A t  B ( the  deadband) t h e  motor i s  switched on. A t  C, t h e  motor 
has  a r r e s t e d  t h e  d i s t u r b i n g  veloci ty .  Fur ther  motor on-time provides  a 
v e l o c i t y  which decreases  t h e  a t t i t u d e  angle  t o  D, where t h e  motor i s  
switched of f .  
e x i s t i n g  motor l o s s e s  decreases  the ve loc i ty .  With s u f f i c i e n t  v e l o c i t y  
a t  D, t h e  deadband w i l l  be reached be fo re  t h e  opposing a c c e l e r a t i o n  can 
change t h e  s ign  o f  t h e  ve loc i ty .  
considered a new dis turbance  and t h e  cyc le  as descr ibed  i s  repeated. 
The motor on-time under t h i s  condi t ion  w i l l  f i n a l l y  reach a minimum which 
i s  determined by t h e  system lag ,  neglec ted  i n  Equation 1.1. 
lead  t o  a r e l a t i v e l y  high r e p e t i t i v e  cyc le ,  which is  undes i rab le  from t h e  

k r i n g  t h e  per iod a f t e r  D, t h e  a c c e l e r a t i o n  caused by t h e  

The e x i s t i n g  ve loc i ty ,  a t  E, can be 

This  would 
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point  o f  r e l i a b i l i t y .  

To prevent such undes i r ab le  condi t ions,  a cons t an t  t i m e  tc, which i s  
l a r g e r  than t h e  inhe ren t  system lag,  i s  added i n  Equation 1.1, r e s u l t i n g  
i n  

1.6 

The lower and upper l i m i t s  between s t a b l e  and uns t ab le  ope ra t ion  
a r e  then defined by: 

Solving f o r  6, i n  Equation 1.8 y i e l d s  t h e  l i m i t  c y c l e  v e l o c i t y ,  

1.7 

1.8 

1.9 

Although t h e  equations thus f a r  con ta in  only ( l -u ) sm terms, they 
a r e  equa l ly  app l i cab le  when c o n t r o l  r e q u i r e s  t h e  ( l - t - c ~ ) ? ~  term, wi th  t h e  
except ion of  t h e  l i m i t  cyc l e  where only t h e  term (1-a)Q i s  v a l i d  (Eq 1.9). m 

The amplitude and period o f  t h e  l i m i t  cyc l e  are funct ions o f  t h e  
motor acce le ra t ion ,  t h e  deadband width, and t h e  motor losses .  While t h e  
a c c e l e r a t i o n  and t h e  deadband width can be predetermined, t h e  e f f e c t s  o f  
l o s s e s  i n  the absence o f  g r a v i t y  must be estimated. 

Assuming t h a t  t h e  a c c e l e r a t i o n  due t o  l o s s e s  i s  considerably less 
than t h e  estimated value,  t h e  r e s t o r i n g  v e l o c i t y  a t  Point  D o f  Figure 3 
would r e s u l t  i n  an a t t i t u d e  .displacement exceeding t h e  deadband on t h e  
l e f t  s i d e  of t h e  phase plane plot .  
behavior ( see  t h e  do t t ed  l i n e  i n  Fig 3) .  However, i f  t h e  l o s s e s  are 
considerably g r e a t e r  than t h e  p r e s e t  value,  t h e  v e l o c i t y  a t  D would not 
be s u f f i c i e n t  t o  r e s t o r e  t h e  a t t i t u d e  i n t o  t h e  deadband, and con t ro l  
would be lost. 

This w i l l  no t  l e a d  t o  an uns t ab le  

To avoid poss ib l e  loss o f  con t ro l ,  t h e  motor i s  switched on f o r  a 
predetermined cons t an t  t i m e  i n t e r v a l  whenever t h e  v e l o c i t y  changes s i g n  
and t h e  a t t i t u d e  i s  s t i l l  o u t s i d e  t h e  deadband, as ind ica t ed  by t h e  dot-  
dash l i n e  i n  Figure 3. 
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Figure 4 i s  a t h e o r e t i c a l  phase plane p l o t  o f  Method I performance, 
showing t h e  complete c o r r e c t i o n  o f  a s i n g l e  dis turbance,  i nc lud ing  t h e  
l i m i t  cyc l e  (points  KLMK). 

Figure 5 i s  a block diagram of Method I l o g i c  c i r c u i t r y ,  most o f  
which i s  self-explanatory.  Notice t h a t  only t h e  abso lu te  va lue  o f  
v e l o c i t y  i s  necessary t o  determine t h e  i n s t a n t  o f  motor switch-off,  
because t h e  cut-off  equation generator sends an "off" s i g n a l  t o  both motor 
switches,  d e a c t i v a t i n g  whichever one w a s  ac t iva t ed .  The items i n  t h e  
dashed area are necessary i f  t h e  estimate o f  cs i s  q u i t e  inaccurate ,  o r  i f  
a d i s tu rbance  should occur while  the motor i s  ac t iva t ed .  

METHOD I1 

I n  Method 11, t h e  motor switch-off occurs  i n  such a manner t h a t  d i s -  
turbances are damped d i r e c t l y  to  zero without overshoot (Fig 6). 

The following expression desc r ibes  t h e  motion o f  t h e  v e h i c l e  i n  terms I 
o f  0 and 4, whi le  under t h e  inf luence o f  t h e  cons t an t  a c c e l e r a t i o n  due t o  
lo s ses ,  

2.1 

Th i s  i s  t h e  equation of  a parabola wi th  i t s  vertex a t  t h e  o r i g i n  i f  A0 i s  
t h e  a t t i t u d e  e r r o r  0. The equation can be arranged thus: 

2(cs$m)@ - (i)2 = 0 

o r  

2.2 

I 

K2@ - (6)" = O 2.3 

There e x i s t s  a mul t i t ude  o f  combinations o f  @ and 6 which w i l l  
s a t i s f y  t h e  equation. I f  t h e  motor switches o f f  when one o f  t h e s e  com- 
b i n a t i o n s  e x i s t s ,  t h e  v e h i c l e  a t t i t u d e  w i l l  follow t h e  parabola  t o  ze ro  
a t t i t u d e  because t h e  a c c e l e r a t i o n  due t o  l o s s e s  begins a c t i n g  as soon as 
t h e  motor i s  switched o f f .  

, 

Figure 6 shows t h a t  t h e  switch-off equation might be s a t i s f i e d  a t  
some t i m e  before  t h e  a t t i t u d e  reaches Point C i n  t h e  diagram which would 
no t  r e s u l t  i n  a v e l o c i t y  toward zero. Therefore,  t h e  equat ion i s  n o t  
employed u n t i l  t h e  v e l o c i t y  has changed s i g n  once. 
t h e  motor cannot be switched on again u n t i l  another  v e l o c i t y  s i g n  change 
occurs,  o r  u n t i l  t h e  a t t i t u d e  i s  within t h e  deadband. The la t ter  provis ion 
enables  t h e  system t o  maintain con t ro l  even i f  cs is  underestimated, o r  
i f  d i s tu rbances  occur wh i l e  t h e  a t t i t u d e  is o u t s i d e  t h e  deadband. The 
system behavior under t h e s e  condi t ions i s  shown i n  Figures  13 and 14 

Once switched o f f ,  



6 

which are  obtained through analog s imulat ion o f  t h e  system. 
of  t hese  condi t ions might change t h e  s ign  o f  t h e  v e l o c i t y ,  t h e  motor 
would switch on t o  r e - e s t a b l i s h  a v e l o c i t y  toward zero a t t i t u d e .  

Since e i t h e r  

Once a dis turbance has been co r rec t ed ,  and t h e  a t t i t u d e  has been 
brought within the  deadband, t h e  system se t t l e s  down t o  t h e  l i m i t  cyc l e  
(po in t s  EFGE i n  Fig. 6 ) .  The a c c e l e r a t i o n  due t o  l o s s e s  d r i v e s  t h e  
v e h i c l e  a t t i t u d e  o u t  o f  t h e  deadband a t  F, causing t h e  c o n t r o l  a c t i o n  t o  
be repeated. 
determined by t h e  amount o f  a c c e l e r a t i o n  due t o  losses .  
condi t ion,  which i s  estimated and p r e s e t  before  launch, would e x i s t  when 
t h e  minimum a t t i t u d e  e r r o r  during t h e  l i m i t  cyc l e  j u s t  reaches zero 
( i . e . ,  t h e  parabola described by t h e  switch-off equation has i t s  v e r t e x  
exac t ly  a t  zero a t t i t u d e ) .  

The amplitude and period of t h e  l i m i t  cyc l e  o s c i l l a t i o n  a r e  
The nominal 

Figure 7 i s  a block diagram of  Method I1 l o g i c  c i r c u i t r y .  Only t h e  
abso lu te  values of  @ and 6 must be known s i n c e  t h e  comparator sends an 
o f f - s i g n a l  t o  both motor switches. I n  t h e  comparator t h e  d i f f e r e n c e  be- 
tween t h e  absolute  values  of  K2@ and i2 i s  detected.  
i s  s a t i s f i e d ,  t h e  motor i s  switched o f f .  Equation 2 . 3  i s  then r e w r i t t e n  

When Equation 2.3 

(ip = 0 2.4 

and i s  c a l l e d  t h e  switch-off equation, where O s  and is are  t h e  des i r ed  
combination o f  displacement and v e l o c i t y  f o r  switch-off.  I 

RESULTS 

Both con t ro l  methods were t e s t e d  by analog s imulat ion and t h e  r e s u l t s  
a r e  presented i n  phase plane plots .  

Three p l o t s  show simulated Method I performance: 

Figure 8. When l o s s e s  are  nominal 
Figure 9. When l o s s e s  are less  than nominal 
Figure 10. When l o s s e s  are  g r e a t e r  than nominal 

Five p lo t s  show simulated Method I1 perfarmance: 

Figure 11. When l o s s e s  are  nominal 
Figure 12. When l o s s e s  are less  than nominal 
Figure 13. When l o s s e s  are g r e a t e r  than nominal 
Figure 14. When a d d i t i o n a l  d i s tu rbances  occur before  

t h e  previous one i s  damped 
Figure 15. Calculated p lo t  o f  t h e  performance when 

a d d i t i o n a l  d i s tu rbances  occur before  t h e  
previous one i s  damped 
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I n  some o f  t h e  p l o t s  t h e r e  are  smaller l i m i t  cyc l e s  w i t h i n  t h e  nor- 
m a l  l i m i t  cycle. These r e s u l t  from i n i t i a l  v e l o c i t i e s  less than t h e  max- 
imum l i m i t  cyc l e  ve loc i ty .  

Notice t h a t  t h e  v e h i c l e  speed can never exceed t h e  i n i t i a l ' v a l u e ,  
because t h e  flywheel can on ly  cometo rest and l o s s e s  cannot slow it 
down fu r the r .  

Under a c t u a l  ope ra t ing  conditions,  i t  would be u n l i k e l y  f o r  t h i s  
s i t u a t i o n  t o  occur s i n c e  t h e  flywheel would normally have a considerable  
v e l o c i t y  as t h e  r e s u l t  o f  compensating p a r t  o f  t h e  i n i t i a l  s epa ra t ion  
disturbance. However, i f  dis turbances occur i n  such a sequence as t o  
produce t h i s  condition, i t  can be seen by t h e  p l o t s  t h a t  t h e  system reacts 
favorably. 

The f a c t  t h a t  only l o s s e s  which are expressed as a constant  accel- 
e r a t i o n  have been considered, and t h a t  t h e  motor p re sen t ly  under consid- 
e r a t i o n  i s  torque-l imited,  s i m p l i f i e s  t h e  inves t iga t ion ,  because i n  t h e  
phase plane p l o t s ,  t h e  angular  v e l o c i t y  ve r sus  t h e  angular  displacement 
i s  parabolic.  I f  viscous f r i c t i o n  i s  included, and/or a d i f f e r e n t  motor 
c h a r a c t e r i s t i c  i s  considered, t h e  obtained curves would d e v i a t e  from t h e  
parabol ic  shape. The e f f e c t  on con t ro l  would be ve ry  s l i g h t .  F a i l i n g  t o  
consider  t h e s e  two a s p e c t s  would have t h e  same e f f e c t  as an inaccura t e  
estimate o f  u , which has a l r eady  been discussed. 

CONCLUSIONS 

E i t h e r  o f  t h e  two methods inves t iga t ed  w i l l  provide s a t i s f a c t o r y  
control .  
favorable. I n  Method 11, t h e  dis turbances ( p a r t i c u l a r l y  l a r g e r  ones) are 
damped f a r  more r a p i d l y  than i n  Method I, r e q u i r i n g  less switching and 
power, thus providing a saving i n  weight and r e l i a b i l i t y .  
o f  t h e  l i m i t  cyc l e  displacement i n  Method I1 i s  i n v e r s e l y  p ropor t iona l  t o  
t h e  a c c e l e r a t i o n  due t o  lo s ses ,  while i n  Method I t h e  magnitude o f  t h e  
l i m i t  c y c l e  i s  more than j u s t  an inverse func t ion  o f  losses .  Thus Method 
I1 provides a g r e a t e r  range i n  which l o s s e s  can v a r y  and s t i l l  r e t u r n  t h e  
a t t i t u d e  t o  t h e  deadband w i t h  one sequence o f  motor operation. 

There are several reasons, however, which make Method I1 more 

The magnitude 



8 

The equation of  motion of  a body sub jec t  t o  a constant  a c c e l e r a t i o n  

APPENDIX 

To be s t a b l e  (with l o s s e s  considered),  t h e  motor must remain ac t i -  
vated f o r  a time s u f f i c i e n t  t o  provide a v e l o c i t y  toward zero a t t i t u d e  
which w i l l  not be overcome by t h e  a c c e l e r a t i o n  due t o  l o s s e s  before  t h e  
a t t i t u d e  i s  within t h e  deadband. 

The r i g h t  hand term o f  t h e  i n e q u a l i t y  expressed i n  Equation 1.4 must 
then be modified by some amount which accounts f o r  t h e s e  losses .  Figure 
16 i s  a phase plane p l o t  showing the  c o r r e c t i o n  o f  a d i s tu rbance  where t h e  
motor stayed on long enough t o  provide a v e l o c i t y  back toward zero, so 
t h a t  t h e  a t t i t u d e  j u s t  reaches t h e  deadband be fo re  t h e  a c c e l e r a t i o n  due 
t o  l o s s e s  changes t h e  s i g n  o f  t h e  ve loc i ty .  E q u a t i n g t h e  displacements 
l abe led  i n  the plot :  

Combining Equations B and A, and applying t h e  a c c e l e r a t i o n s  which 
occur i n  the phase plane p lo t  r e s u l t s  in:  

Solving Equation C f o r  t h e  v e l o c i t y  r a t i o  y i e l d s :  

Whereupon Equation 1.4 becomes: 

1+Ja  
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